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UNIT-I

o Topic-1: Vector Space (/€21 244sIRI).
o Topic-2: Subspaces (GUIUSIQI).
e Topic-3: Span ([d2q(d).

@ Topic-4: Intersection, Addition and Direct Sum of Subspaces
(BUIGSIRN ofl 210N, Ucuei 24101 Aol BE).
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VECTOR SPACE

Vector Space

Definition (<1U1): 1 2101 VAS 2ARSc 2101 &1 Aol FUIRAAS
A1l Aol B, ¥ €S X,y € V al E3S a € F HI2 x 2dl y
ofl 241! x + y del a ial x ofl A€l JJLISR ax ol eldd
ydyRelRAlg] AHal 524 &1 dl ARl Vol A[E=I 2AYSIRI 5B 8:
€3S x,y,z€ V3d €35 a, € FHI2,

Viix+y=y+x

Vo i (x+y)+z=x+(y+2)

Vi :xe VR o e Vv, xel

x+0 =0+ x=x (A1l 0 ol o Ak 58 B.)

Va:xe Va6 eV, %el

x+xX =X+ x=0 (el ¥ o xoil [AQRALN Akl 58 &.)

Vs :a.(x+y) =ax+ay

V6:(a—|—ﬂ).x:a.x+ﬂx

V7 i (a.f) x=a.(B.x) = ( X) %
Vg 1.x=x, i 13 &2 Fofl A3 20wy 8.
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Theorem based on Vector Space: (R")

Theorem 1 (M3Y 1): 2RI R” A diRd(ds Akl 2SI B, AH
A1Cid s.
Proof (211(cidl): €l S,

x = (x1,%2,X3,...Xn) € R",

y=(y1,¥2,¥3,---¥n) € R",
z=(z1,2,23,...2p) € R".

&9 (x,y,2) € R" 2l (a, B) € R" 2151313,
Viix+y=y+x

LHS & x+y

= (x1,%2,x3, ...xn) + (¥1, Y2, ¥3, ---¥n),

= (x1 + y1,% + y2, ... Xn + Yn),

= (y1+x1,y2 + X2, ...¥n + Xn),

= (y1,¥2,¥3, ---¥n) + (X1, X2, X3, ... Xn), A
= y+ x< RHS. =
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Theorem based on Vector Space: (R")

Voi(x+y)+z=x+(y+2)

LHS & (x+y) +z

= {(Xl + Y1,X2 + Y2, ...Xn +yn)} aF (21,22,23, ...Zn),
={(x1+y1) + z1, (32 + y2) + 22, ... (Xn + ¥n) + Zn},
={x+W+z),x+02+2),...x+ (vn+ 2zn)},
= (X17X27 "'Xn) + {()/1 +2z1,Y2 + 22,...¥n + Zn)},
=x+ (y+ z) & RHS.

V3:x+0=0+x=x

-+0=(0,0,0....0) € R",

LHS & x+ 0,

=(x1+0,x+0,...x, +0),

= (X1, X2, ---Xn),

= X.
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Theorem based on Vector Space: (R")

RHS < 6 + x,
=(0+x3,0+x+0,..0+ x, + 0),
= (X1, X2, ...Xn),

=X

‘. LHS=RHS.

Vi x+X=xX+x=60

X = ( X1, — 2,...—Xn),

LHS & x+ X,

= (x1, X2, ...Xn) + (—X1, = X2, ... — Xn),

= {x1 + (—x1), %2 + (—x2) , ...xn + (—xa) },
— (0,0,...0),

= 0.
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Theorem based on Vector Space: (R")

RHS & X + x,

= (—x1, —X2, ... — Xn) + (x1, X2, ...Xn),
={(—x1) + x1, (—x2) + x2, ... (—xn) + Xn},

= (0,0, ...0),

= 0.

. LHS=RHS.

Vs:o.(x+y) =ax+ay

LHS < a.(x+y),

= . {(x1,x2, %3, ...xn) + (Y1, Y2, Y3, ---Yn) }

= a.{(x1 + y1, %2 + y2, .. Xa + yn) },
={a.(x1+y1),0. 2+ y2),...a. (xn + y¥n) },
= (.x1, .x2, ....xp) + (Q.y1, .y2, ...anyp),
= a.x+ a.y< RHS =
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Theorem based on Vector Space: (R")

Vo : (a+ B8) x=ax+ B.x

LHS & (a + f) .x,

= (a+ B).{(x1, x2, X3, ...xn) },

={(a+pB) .x1, (a+ B) .x2, ... (a+ B) xn},
= {(a.x1, .x2, ...ct.xp) + (B.x1, B.x2, B.-%n) },
={a. (x1,x2, ..xn) + B. (x1, +x2, xn) },

= a.x+ B.x < RHS.

V7 (a.f) x=a.(B.x) = B. (a.x)

LHS < (a.8) .x,

= (a.f8) . (x1, X2, X3, ... Xp)

{(a.5.x1), (a.0.%2) , ... (@.B.xn) } (1)
{a.(B.x1),a. (B.x2) , ... (B-xn)}

& {(Bxa) ) (Bora) .o (Born)}

a. {B. (x1,x2,..-Xxn)}

a. (B.x)
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Theorem based on Vector Space: (R")

RHS < 3. (a.x),

89 Aaflsel (1) u:el,
={B.(a.x1), B. (a.x2),...0. (.xn) },
= B. (a.x1, a.xp, ...0t.Xp),

B. (a.x),

S(aB) x=a.(B.x) =B (a.x)
Vg:lx=x

LHS < (1.x),

= 1.(x1, %2, X3, ...Xn)

= (1.x1,1.x2,...1.x,)

= (x1, X2, X3, ...Xp)

= x < RHS.

AHH R didfds Ak Adsial &ldl Hiel GuRAsd AIE .
ydgRelAef AHdal 52 8. dell R” A did(ds Ak 2HUsIN B, ==
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Properties of Vector Space

Theorem 2 (M3 2): 51 VA diRd(ds AEQI AHUSIRA 814 Aal 6
A Vol oy [kl &ly dl AI(Cid s3] 5,
(1).x+y=y+x=y=z%Rlixyzec V.

(2). x—ay:x—y‘wix,ye\/.’\’HaaER—{O}.

(3). a0 =0iacR

(4). (-1) . x= —xdi xec V.

Y
N—

Proof (Ifcidl): (1).
X+y=y+x x,y,z€V,

= —x+(x+y)=—x+(x+2),
S (Xt +y=(—x+ 9+ 2
=0+y=0+z (-0eV)
= y=2z =Y,
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Properties of Vector Space

(2). S x,y € V. 2ol o # 0 HI2
CLax=ay

= al(ax)=atl (ay), = (a
= 1l.x= 1.y,

= x=y.

(3). a € RHI,

a.fd =0

=af=a(0+0),

= a0 =a.0+ a.b,

= {— ()} +ab={—(0)} + (.0 + a.0),
=0 ={—(a.0)+ (a.0)} + .0,
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Properties of Vector Space

=0=0+a.,
=0 = a.0,
= .0 =0.

(4). (-1) x= —x i xec V.

€3S x € VHI2,

(1) x+ x,

= (—1)x+ 1.x,

= (_]' + 1) X,

= 0.x,

=0,

HIH,

(-1) x= —x =
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Examples

Example 1: 2101 R A 4id(As (¥l 24sI0 8, A A1[Cid S.
Proof: YI?1 3,

x = (x1,Xx2,x3) € R3,

y=(n,y2y3) € R,

z=(z1,22,23) € R3.

&9 (x,y,2) € R® 2l (a, B) € R® 2dIsIRIg].
Viix+y=y+x

LHS & x+y

= (x1,x2,x3) + (1, 2, ¥3),

= (x1 + y1, %2 + y2, X3 + 3),

= ()1 + x1,¥2 + x2, ¥3 + Xx3),

= (Y1,Y2»Y3)+(X1,X2,X3), :
= y+ x< RHS. A
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Examples

Vo:(x+y)+z=x+(y+2)

LHS & (x+y)+z

={(x1 +y1,% + y2,x3 + y3)} + (21, 22, z3),

= {(x1 +y1) + 21, 02 + y2) + 22, (x3 + y3) + z3},
={xa+0+2z1),0+ 02+ 2),x+ (y3 +2)},
= (x1,x2,x3) + {(y1 + z1,y2 + 2, y3 + 3) },
=x+ (y+ z) & RHS.

V3:x+0=0+x=x

-9 =(0,0,0) € R,

LHS & x+ 6,

= (x1 +0,x +0,x3 +0),

= (x1, X2, x3),

= X.
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Examples

RHS < 0 + x,

=(0+x3,0+x2 4+ 0,0+ x3 + 0),

= (x1, %2, X3),

= x.

. LHS=RHS.

V4'x+>(:)(+x—0

X = ( X1, — X3)

LHS<:>X+)(

= (x1, x2,x3) + (—x1, —x2, —X3),

={x1+ (—x1), 2+ (—x),x3 + (=x3)},
— (0,0,0),

=0.
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Examples

RHS < X + x,

= (—x1, —x2, —x3) + (x1, X2, x3) ,

= {(—x1) + x1, (—x2) + x2, (—x3) + x3},
=(0,0,0),

=0.

.. LHS=RHS.

Vs:ia.(x+y) =ax+ay

LHS < a.(x+y),

= a.{(x1, %2, x3) + (y1,52,¥3)} ,

= a.{(xa +y1, 2 + y2,x3 + y3) },

= {a' (Xl + yl) ) & (X2 + )/2) , O (X3 + )/3)} )
= (a.x1, a.x2, a.x3) + (@.y1, a.y2, ay3)

= a.x+ a.y< RHS =
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Examples

Vo : (a+B8) x=ax+ B.x
LHS & (a+ B) .x,
= (a+B) {(x1, x2, x3)},
= {(a+ B) .x1, (a + B) .x2, (a + B) .x3},
= {(a.x1, .x2, a.x3) + (B.x1, B.x2, B.x3) }
= {a. (x1,x2,x3) + B.(x1, +x2,x3) },
= a.x+ B.x < RHS.
V7 (a.f) x=a.(B.x) = B.(a.x)
LHS < (a.B) .x,
= (a.f). (x1,%2,x3) ,
={(a.f.x1),(a.0.x2), (.0.x3) } , (1)
a.(Bx),a. (B.x), . (B-x3)},
(ﬁ x1),(B-x2),(B-x3)},
7o), o
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RHS < . (a.x),
8d Aaflsel (1) u:el,

{B.-(a.x1), B (a-x2) , B. (a.x3) },

= 6. (a.x1, a.xp, a.x3) ,
=p

LHS < (1.x),
=1.(x1,x2,x3),

= (1.X1, 1.X2, ]_.X3) s
— (XI)X2)X3))

AH RS dledrals Ak 2Hasi2 eldl Hizol GuRlsd A6
yduRrelle A6 52 8. dell R® A diRadlds ulE 2AdsIA .
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Examples

1)

\
—N
| —

(o)
Q o

Example 2: 201 Ay = {|° ]ya b,c,de R} A girdlds

Ak AHusI B, dH AIlCid S2.

Proof: IRl 5,
X1 X
x= |1 21 X1,X2,X3,X3 € R,
X3
yi
y= ] Y1,¥2,¥3, ¥4 € R,
| V3
z
z= ! ] z1,20,73,24 € R.
23
ax;  ax
aEF [ ‘|,X€A2X2,$a.X:[ ! 21. R
axz axg E'a
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Viix+y=y+x

LHS & x+ v,

_ | ox i oy
X3 x4 y3 ya|’

_X1 +y1 X2+ )y
X3 +ys xat+ya|’
yi+x1 y2+x
Y3 T3 Yatxa ’
yi oy X1 X2

y3 ya x3 xa|’

= y+ x< RHS.

Voi(x+y)+z=x+(y+2)

LHS & (x+y)+ z AA

+
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Examples

:

{[Xl le + [}/1
X3 Xa ¥3

X1+ y

(x1+y1)+2z1
_(X3 +y3) + z3
x1+ (1 +2z1)
X3+ (3 + 23)
X1 X2 + n
_X3 X4 y3

X2 + y2
X3+ Y3 X4+ Ya

Y2 }+ Z1 22]’
yYa Z3  Z4
}+ 7 2217
Z3 Z4

(2 +y2) + 2
(xa+ya) + 2z’

x2 + (y2 + 22)
x4+ (ya+2zs)|’
+z1 Yot

+z3 yatazl]’

_X1 X2 + { [)/1 }/2] + [21 221 } :
| X3 Xa Y3 ya Z3  Za AR
x+ (y+z) < RHS. S
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Va:ix+0=0+x=x

0 0
0=0= [O 0] € A,

. _ | ox 0 0| [x1 x|
o= L@‘ X4 "o O] a [Xe, x| 0
& RHS &0+ x= 00 + x1ox| _ X ox e
= LHS=RHS.

Viix+xX=xX+x=0

H=ox= |78 T2l cna

. LHS & x4 (—x) = S e T 1 00 _9—0
X3 X4 —X3 —Xa 0 0
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Examples

& RHS & (—x)+x=| ! _le [Xl le—lo 0]—0:9,

= LHS=RHS.
Vs:a.(x+y) =ax+ay
LHS & a.(x+y),

X3 Xa Y3 Ya
o |7 +y1 X2+
x3+y3s Xa+yal’
X1 +y1) alx+y2)
a(x3+ys) a(xs+ya)

axy +ayr axo+ ay
axg +ays axg+ays|’

|
x
—
XX
_I_
|
|
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_|wa ael  |an ay
laxzs axg ays aygl|’

)

X3 Xa Y3 Ya
= ax+ ay < RHS.
Ve : (a+ B) .x=a.x+ f.x
LHS < (a+ 5) x,
. X1 X2
_(a—i_ﬂ) |3Q Xa )
(a+P)x (a+PB)x
(a+B)xs (a+pB)xa]’

axy + Bx1  axp + Bxo
axz + Bx3 axq + Bxy

? =
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_ [ax1 axz] n [Bxl Bx217

axs  oxg Bx3  Bxa
= ax+ fx <+ RHS.

Vi (a.f) x=a.(B.x) = 5. (a.x)

LHS & (a.f) .x,
(@) [Xl Xﬂ ,
X3 X4

(a.B)x1 (a.B)x

[(aﬁ) X3 (Oéﬁ) X4] (1)
_ [a. (Bx1) «. (5X2)]

a. (Bx3) a.(Bx)
s [(ﬁm (Bn)]

|(Bxs) (Bxa)|’ 2
= . (8x), 7
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RHS < 3. (a.x),

&9 AIs:wel (1) uel,

_ 6 (ax1) (axgl
B.(axs) B.(axa)|’
(ole) (OzXz)

- [(m) (axn] |

= 6. (ax),

(a.p) x=a.(B.x) = B.(a.X)

Vg:lx=x

LHS & 1.x,
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SUBSPACE

Subspace

X1 X2
X3 X4
= x < RHS.
AIH Asp didAs Ay Ausial 8ldl Hizoll GuUASd 16
ydurelAlg A6 52 8. del Ay, A dirdlAs alERI AUSIRI

)

|
| S

Subspace (Guigsil): <1 diRdAlds Akl 2HUSI” V ofl 2HRsd
Bualll S &1 AHal dH% V ofl a1l ulBé14) BsRr AEQI AUSILI
ofal dl Sal Vol GUIUSII SBUIHI 419 .

ARsd Buarel SU1d(As Ak AHUsIA Vol BUIYUSIQI Gial d #i2ol]
A19RYS Hal UTH Ad:

(1). Rsx,yc SHR x+ycS,

(2). sacF,xeSH2axeS.

RS xyeS& a,f e F=ax+pycS. =L~
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Theorem

Theorem (M321): %1 d1Rd(As A[EA2HAUSII Vol 51 A GUidsall
Adal Bald dl AN Byl Vol BUIdsI?I 8.

Proof (211(Cid]): 21el A3ial BA Vall A Guidsiall &.
LACV,BCcV=ANnBC V.

A 6 A Vil *lod AR &8l dl,

DcA&OEB=0cANB, AHANB .

6d, &35 x,yc ANB=x,yc A& x,y € B.

- Aa BBuUIysiel 8, del
x+yeA&x+yeB=>x+ycANB (1)
dell, E3sa e FAad s xc ANB=ac Fxc A& yc B.
SRl Add BA Vol Buigsi2i eldigl,

axeA& aye B=axecANB. (2)
&d lsel (1) 210l (2) uell, AN BA Vol GUIUSIRI B,
Note: AU B Vil BUIUSI?I of &1, e
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Examples

Example 1: %1 a,b,c € Rdl W= (x1,x2,x3) € R®|ax; + bxa +
cx3 = 0 A did(ds [kl AHusIgl R3 ol BUIgsIA B, dH Al

3.
Proof: 2’16] W = {(Xl + xo —|—X3) € R3|ax1 + bxo + cx3 = 0} ‘X?Ji
a,b,ce R.

a0+ b0+c0=0=(0,0,0)€ W= W+ ¢.

6d x = (x1,x2,x3), ¥y = (y1,¥2,¥3) Aal o, € RAdI,

a.x+ B.y

= a(x1,x2,x3) + B (y1, y2,¥3)

= (ax1 + By1, axz + Byz, axz + Bys) € RS, ol

a(axi + By1) + b(axz + By2) + c(axs + By3),

= a(ax1 + bxo + o) + B (ay1 + byz + cys),

= .0+ 3.0, (. ax1 + bxa + o3 = 0)

= 0. AP

AlH, a.x+ B.ye W. asll W3 RS ol BUigsigl 8.



SPAN OR LINEAR SPAN

Span or Linear Span

Statement (CIV1): GRS VA did(ds A AHUSIQ B 2al S
A Vol slgf 2Rsd Guatel 8. a1el S ol e2slall Alod 2ARlall GYl
o YRul AA1%¥ailotl AARlIal 2RI S ofl Rt [Aq[c] S& B. Fol ABdH
[S] 2491 SpS g5 exlfddIHi A1 B. A1,

[S] = {a1x1 + aaxa + ...aipXn, X1, X2, ... Xn € S, 1, 2, ...ty € R} .
Theorem 1 (M3 1): AEA AYSIRI Vol I 1RSd GualRl S ol
AR [Aq(c a1l A Vo A5 GUIdSIRI 8. dg3i, d S o AHIdg
ollallHi allof GUIUSIRI &.

Proof (211(cid1): Sqil [Aqld are

[S] = {a1x1 + agxa + ...apXn, X1, X2, ... X0 € S, 1, 2, ...an € R} .
A SC VAU S#£¢. YRS x,ye S3a a € R,

CUX = 0o1X1 + QoXo . mXm, X1, X2, ... Xm € S, a1, a0, ... € R,

& y=piy1+ Baya + -.Beye, 1, Y2, -yt € S, B1, B, ... Bt € R.

¥ Sail Alod 812S] of Y21 A%l B. AA
Sx+yels.
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ddd,

a.x=a(arxy +axo + ... + AmXm) ,
= (aa1) x1 + (aa2) x2 + ... + (@am) Xm

¥ S ol Alod €S of U AA1¥al 8.

= a.x€[S].

- [S] 2 Vo s Guigsigl 8.

xE€S=x=1.x,

% Sail Alod 812S] of Y1 Y%l B.

= xe[9],

= ScC[S].

agll [S] &1 2161 S ol 2d1Ag Vg Buiasial &, &3 ¥ WA dlel S a
AH1dg Vol GuIdsil &1 dl, £2
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Linear Combination

xe[9],

= X= a1X] + aoX2 + ...QpXp, X1, X2, ... Xp € S, 1, 2, ...aty € R,
Sc W,

X1, X2, ..Xp € W, a1, ap, ...a, € R,

agefl, w2 ti Guigsi2l 8ldIell, x = a1 x + aexa + ...apxy € W.
213, [S] @i WA a0l S ol Aalag Vg Buidsi2l &,

agll [S] € WA S al AHIdg allaiidi ollg] GUIUSIRI B.

Statement (<é1vl): 1 A=A AdgsIL V el n 2ulEQN
X1, X0, ..Xp 1) Al a1, a0, ...an € RA n AN &l dl k2l
a1XxX1 + asxo + ...apXn o AlELN X1, X2, -+-Xn 9] 2\1\21!1 1%l 5B .
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Theorem

Theorem 2 (M3 2): %1 Al B A Akl 4dSII V ol GUaIC
a1,

(1). Ac B=[A] C [H],

(2). [[A]l = A

Proof (?_‘-Ilfaicﬂ): YR ?s,

A= Xx1,X0,...Xm,

B = x1,x0,...Xn.

(1). 4Rl 5 x € [A], dell

X = 1X1 + Q2X2 + .e.OmXm, X1, X2, ...Xm € A, a1, 2, ... € R.

X =aoa1x1 + axxo + ...amXm + 0.Xmy1 + ... + 0.xp,

aell, xe [B].

Sx€[Al=xe[B],

= [A] C [B]. =

LINEAR ALGEBRA-I



INTERSECTION, ADDITION AND DIRECT SUM
OF SUBSPACES

Theorem

(2). [[All = A.

SRR

Al =B

&9 [A] A Vo Guidsixl 8. ddl BA Vqf GuUidsI?l .
~.[B =B,

= [[All = [A] = A.

Theorem 1 (M3 1): ¥ AlE= AdSIQI V ofl GUIUSIAN A Hal B
gl dl 2A1[Cid $A 5 A+ Buel Vqf s Guidsial 8.

Proof (1lcid]): €kl 5, Aial B4 4k 4ds11 Vol GUIYSIRN
8, vl x,y € A+ B. ddl Ul 5,

X=x1+x2,x1 €A X2 € B,

y=nt+ysyn €Ay €B
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Theorem

8d, o, 3 € FHI2,

ax+ By =a(xa +x)+ 681+ ),

ax+ By = (axa + By1) + (axa + Byz2),

A8l x1,y1 € A, %0,y € B,A, BA BUIUSIRN B, dell 21,20 € A+ B,
=z1=x1+y1& 2 =x+x ®ix,y €Ax,yc B,
Sz+2=0(+xn)+(e+y),
=>z1+2=(+x)++y),

=zn+ncA+B

d¥ll a € FHI2,

a.z1 =a(x)+x) =axg +axx € A+ B,

R ax; € A A al ay; € B.

= A+ B [k 244811 V of A5 GUIusI2l B.
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Theorem

Theorem (M3Y) 2: 1 A4[ERA 21USI VoIl GUIYSIRN A 2ol B &I
dl AIfGid sA S [AUB] = A+ B.

Proof (Ilcid]): ¢kl 3, Aia B 24[E=l 4ds11 Vol GUIYSIRI
®.8dzc A+ B,

=z=x+y,x€E A yeEB,

=>z=1x+1lyxye AUB,

=zc[AUB],ddl A+ BC[AUB,

= z=a1x1 + @2x2 + ... + @pXp + Bry1 + B2y2 + ... + BmYm,

= zZ=Xx+1Y,

Rl a1x1 + 93X + .. + apxy € A,

& Biy1 + Bayo + ... + Bmym € B,

=z€ A+ B,

~[AUB C A+B, ‘
= [AUB|=A+B. £'s
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Direct Sum

Statement (CUIVAI): ¥ wy, wy 21 AERJI 2A4SIA Vol GUIUSIRN
el val wy Nwo = {0} AR dl wy + wy ol BUIASIRN wy idl wy
o] M2l 441017 SBUIHI 419 8. ol AZdAH| wy B wp US EQITUIY B,

Theorem (M3Y) 3: % wy, wy A AERJY 4dSI” w oll GUIUSIRN
BIA AHY w = wy + wy AR Hal % SIPURI z € wHIZ z = x+ y R
X € w1,y € ws ol 243\ Aalo J|d A[Gcysd s3] ASI dl Aal dl
¥ w= w; ® wo.

Proof (A1/Gic]): @191 1: el w= wq + wa, z= x+ y Wi x € wy,
y € wa Voo 3d AlAAusd s3] 2SI & dl AUQ A1 5309 5,
w=w; & wy = w; Nwy = {0}.

SRR uz0d ue wy Nw,

= uc W12Ha ue Wz,éa ue wdl

u=u+0=ue w,0 € wy, AA
u=04+u=0€ wy,u€E w.
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coaAel YRRl w0 d u e wy N wy WIE] B,

= wy N wo :{O},

= w= wi; O ws.

Ci121 2: el w= w; © wp A 8. AR AI[Cid s3I 5 sl el
zE wal x € wy al y € wy &IRI Aalod Id AlGcysd s3] ASIRY B,
YRl %,

Z=X+Yy,XE€ wy,y € Wz,?Ha

z=X+y, X ew,y € wy,

=x+y=xX+Y,

:>X_)(:y_}/7

=x—XewmNw,={0}&y—y €ws Nwy ={0},
=x—X=0&y—y =0,

=x=X&y=y.

AHNEN YRRl z=x+y& z=X +y Viligl 8. d&ll z€e wal xe wy 1
Aal y € wy &IRI olo Id A[Gicsd s3] QIS B. =
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